Abstract. This article is devoted to a multi-parametric family of associative complex algebras defined by commutation relations associated with group or semigroup actions of dynamical systems and iterated function systems. General reordering and nested commutator formulas for arbitrary elements in these families are presented, generalizing some well-known results in mathematics and physics. A generalization of this family in three generators is also considered.
Introduction
The main object studied in this article is the multi-parametric family A σ j of unital associative complex algebras generated by the element Q and the finite or infinite set {S j } j∈J of elements satisfying the commutation relations
where σ j is a polynomial for all j ∈ J. A concrete representation is given by the operators α σ j (f )(x) = f (σ j (x)) and Q x (f )(x) = xf (x) acting on polynomials or other suitable functions.
The main goal is to reorder arbitrary elements in this family and some of its generalizations. For J = {1} and σ(x) = x + 1, the above commutation relations reduce to the famous classical Heisenberg-Lie commutation relation SQ − QS = S. Reordering an element in S and Q means to bring it, using the commutation relation, into a form where all elements Q stand either to the left or to the right. For example, SQ 2 = Q 2 S +2QS +S. Similarly, one can use the commutation relation SQ−QS = S successively and transform for any positive integer n the element SQ n into a form where all elements Q stand to the left. The coefficients which appear upon reordering in this case are the binomial coefficients. General reordering formulas for arbitrary elements in noncommutative algebras defined by commutation relations are important in many research directions, open problems and applications of the algebras and their operator representations. In investigation of the structure, representation theory and applications of noncommutative algebras, an important role is played by the explicit description of suitable normal forms for noncommutative expressions or functions of generators. For a broader view of this active area of research, see, for example, [1-9, 12, 15-23] and the references therein. In Section 2 general reordering formulas for arbitrary elements in the family A σ j are presented, and in Section 3 some reordered expressions for corresponding nested commutators are described. In Section 4 special cases for different choices of σ j are considered, putting in a new perspective and generalizing some well-known results. A generalization of the family A σ j in three generators is constructed in Section 5, with some reordering formulas presented. For lack of space, not all results we have obtained are included here. The proofs and other results are presented in [14] . In the following an algebra means a unital associative complex algebra, N 0 the set of nonnegative integers, and N the set of positive integers. The basic result is the following theorem.
Theorem 2.1. Let r be a positive integer. If Q and {S j } j∈J are elements of an algebra satisfying commutation relations (1), then for any nonnegative integer k and any polynomial F ,
and for any nonnegative integers k t and any polynomials F t , where t = 1, . . . , r,
where • denotes composition of functions, σ •k the k-fold composition of a function σ with itself, and we adopt the convetion that r t=1 a t = a 1 a 2 a 3 . . . a r . This theorem can also be formulated in terms of monomials by observing that for any nonnegative integers k t and N t , and any polynomials
where I t = {0, . . . , N t }. We thus have the following presentation of Theorem 2.1, which is useful for computing explicit formulas when specific polynomials are given.
Theorem 2.2. Let r be a positive integer. If Q and {S j } j∈J are elements of an algebra satisfying commutation relations (1), then for any k, N ∈ N 0 and any polynomial
and for any k t , N t ∈ N 0 and any polynomials F t (Q) = Nt lt=0 f lt Q lt , where t = 1, . . . , r, 
as it should be with formula (4) for r = 2. For F 1 (x) = 1, this reduces to
, and denoting S j 1 = S, S j 2 = T , σ j 1 = σ and σ j 2 = τ , one obtains the following instance of Theorem 2.1 for algebras generated by three generators.
Example 2.4. Let r be a positive integer, σ and τ polynomials, and let S, T and Q be elements of an algebra satisfying the commutation relations
Then for any j, k, l, j t , k t , l t ∈ N 0 , and any polynomials F and F t , where t = 1, . . . , r, we have
Similar examples can be obtained for algebras generated by four generators, five generators, six generators and so on. 3. Nested commutator formulas in the family A σ j Let n be a positive integer. A function f : {1, . . . , n} → R is said to be unimodal if there exists some ν such that f (1) ≥ · · · ≥ f (ν) ≤ · · · ≤ f (n). A permutation of a set is a bijection from the set to itself. For example, written as tuples, there are four unimodal permutations of the set {1, 2, 3}, namely: (3, 1, 2), (3, 2, 1), (2, 1, 3) and (1, 2, 3) . For the permutation ρ = (3, 1, 2), we have ρ(2) = 1 and ρ −1 (3) = 1. Finally, the commutator of two elements x and y is defined by [x, y] = xy − yx. We now have the following proposition.
Proposition 3.1. For any positive integer n > 1,
where U n denotes the set of all unimodal permutations of the set {1, . . . , n}.
as it should be with (26). For n = 3,
In the following we use a more convenient notation for nested commutators:
Combining Proposition 3.1 with Theorem 2.1, one obtains the following reordering result.
Theorem 3.3. Let r 1 , . . . , r n , n ∈ N with n > 1. If Q and {S j } j∈J are elements of an algebra satisfying relations (1), then for any k t ∈ N 0 and any polynomials F t , where t = 1, . . . , n,
Furthermore, if r n > · · · > r 1 > 1, then for k t ∈ N 0 and any polynomials F t , where t = 1, . . . , r n ,
where ρ(0) = 0 and r 0 = 0. (σ
which agrees with formula (30) for n = 2 and F t (x) = x lt . Theorem 3.3 can also be presented in terms of monomials, which is useful for computing explicit formulas when specific polynomials are given. For example, for formula (30) one gets the following reordering result for nested commutators.
Theorem 3.5. Let n ∈ N with n > 1. If Q and {S j } j∈J are elements of an algebra satisfying (1), then for any k t , N t ∈ N 0 , and any polynomials F t (Q) = Nt lt=0 f lt Q lt , where t = 1, . . . , n,
where I t = {0, . . . , N t }.
Special cases
In this section some special cases of the family A σ j for different choices of σ j are considered, putting in a new perspective and generalizing some well-known results.
4.1. When σ j (x) = c j x q j Let c j be complex numbers, q j be positive integers, and let σ j be the polynomials σ j (x) = c j x q j . Then commutation relations (1) become
The following lemma is useful for obtaining the reordering results.
Lemma 4.1. For any positive integer t and any nonnegative integers k, k 1 , . . . , k t ,
(σ
where {k} q for some complex number q denotes the q-number
and we use the convention that 
where as before {k} q for some q ∈ C denotes the q-number of k, and
More generally, for all k t , N t ∈ N 0 and all polynomials F t (Q) = 
where ∆ k,r for I t = {0, . . . , N t } is the set given by
Remark. Observe that for positive integers q j , one obtains that min Γ k,r = 0, min ∆ k,r = 0, max Γ k,r = r t=1 q kt j N , and max ∆ k,r = r t=1 t n=1 q kn jn N t . We strongly believe that formulas (36), (37) and (38) are probably true also for negative integers q j . Remark. Formula (37) can be obtained from formula (38) by choosing j 1 = · · · = j r = j and k 1 = · · · = k r = k, and observing that for all positive integers k and r,
where the last equality is a well-known identity (see, for example [6, p. 187 
]).
Example 4.3. For r = 2, we have
which for l 1 = 0 becomes
Denoting S j 1 = S, S j 2 = T , one can obtain the following reordering result. 
then for any nonnegative integers j, k and l,
and for any nonnegative integers j t , k t and l t , where t = 1, . . . , r, 
4.2. When σ j (x) = c j x Let a j , b j and c j be complex numbers, and let q j be positive integers. Subsection 4.1 considers the case σ j (x) = c j x q j while Subsection 4.4 considers the case σ j (x) = a j x + b j . The intersection of these two cases is the case σ j (x) = c j x, for which relations (1) become the relations
which are often called the quantum plane relations, in the context of noncommutative geometry and quantum groups. In three generators, one has the following reordering result. 
then for any nonnegative integers j, k and N , and any polynomial
and for j t , k t , N t ∈ N 0 , and polynomials F t (Q) = 
where I t = {0, . . . , N t }. 3. When σ j (x) = −x Let σ j be the polynomial σ j (x) = −x. Then commutation relations (1) become S j Q = −QS j . This case follows directly from preceding subsections. However, one can also obtain the reordering results directly by using the following lemma. Lemma 4.6. For any positive integer t and any nonnegative integers k, k 1 , . . . , k t ,
Combining Lemma 4.6 with Theorem 2.2, one obtains the following reordering result.
Theorem 4.7. Let r ∈ N. If Q and {S j } j∈J are elements of an algebra satisfying S j Q = −QS j , then for any k, N ∈ N 0 and any polynomial
and for any k t , N t ∈ N 0 , and any polynomials F t (Q) = 
4.4.
When σ j (x) = a j x + b j Let a j , b j ∈ C, and let σ j be the polynomials σ j (x) = a j x + b j . Then relations (1) become S j Q = a j QS j + b j S j . These are deformed Heisenberg-Lie commutation relations of quantum mechanics. The classical Heisenberg-Lie relations S j Q − QS j = S j are obtained when a j = 1 and b j = 1. If c j = 0, then we get the quantum plane relations S j Q = q j QS j . The following lemma is useful for obtaining the reordering results.
Lemma 4.8. For any positive integer t and any nonnegative integers k, k 1 , . . . , k t , 
One combines Lemma 4.8 with Theorem 2.2 to obtain the following reordering result.
Theorem 4.9. Let r ∈ N. If Q and {S j } j∈J are elements of an algebra satisfying the commutation relations S j Q = a j QS j + b j S j , then for all k, l ∈ N 0 , 
